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Chapter 1

Introduction to string theory

1.1 The cGh-cube

A
G

Newton Gravity

general relativity theory of |everything = string theory (?)

Newton|mechanics | non-relativistic quantum mechanics
»

h

special relativity

quantum field theory

1/c

1.2 Quantization of gravity

Why can one not quantize gravity? For answering this question, let us first look at the weak interaction theory
(Fermi theory):

This theory is sick; unitarity is violated at high energies. That is why one has to introduce the W-boson:
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Then the problems with renormalizability are resolved; it is a renormalizable quantum field theory. Now, let
us look at the action of gravity:

1
= d* R. 1.1
167G N / TVg (1.1)
If one expands the action around the background 7, whereas
Guv = Npv + Khy K~ Gy, (1.2)

one ends up with the following vertices (to first order):

o O

The problem with this theory is, that it is not renormalizable. Since one has an infinite number of interaction
vertices the theory has no predictive power. The solution to pull apart vertices does not work. However, one
can “pull apart” the world line of the graviton.

%

Hence, one replaces world lines of particles by world sheets of strings.

Such interactions can all be pulled apart to the above interaction.



Chapter 2

The bosonic string

2.1 The classical bosonic string

We want to have a look on the world-line of a relativistic point particle:

A

SCO

7 is the parametrization of the world-line. Recall that the action is given by
52 ™
S:—mc/ds:—mc/dT\/W,
51 1

X is a map from the world line to space-time.
X:C— M"P7 s ai(r).

The action for a relativistic string is called Nambu-Goto action.

c=0 o=1

Now, X is a map of the world sheet to space-time:
X:¥—> M, (o,7) — a*(o,7).

The action is given by:

Sne = “area of X7 = /da dr e,

(2.2)
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with

e = —ﬁ\/(f(ux;b)? — (X)2(X")2 =~

a2V T det(hap) , (2.5)

where dots denote derivatives with respect to 7 and dashes derivatives with respect to o.

0 xv 2 xvy,,, (2.6)

hab = do®” Oob

is the induced metric on ¥ with ¢® = (o, 7).

Comments
e o is a constant of dimension (length)?.
e It holds that o = l%, where [g is the only dimension-full parameter in string theory.

o generalization: (M,n) — (M, G), hqp = 0, X" X" G (X)

Consider the Polyakov-action (area of the world sheet measured with the induced metric):

Sp =

o / do dr =Y hap s hap = 0 X X" Ny - (2.7)

7% (with v = det(v,p) is a world-sheet (intrinsic) metric with signature (1,1). The equations of motion will
be algebraic in -, since no derivative appears in the action. Hence, it is just an auxiliary field, which can
be eliminated. The equation of motion of this action is just the Laplace equation, which is an advantage
comparing to the Nambu-Goto action. To study the model we need the equations of motion for v45. Therefore
we write up the variations

Nab = Yab 4 P, Y A% — Gy 5y = yaeabsy (2.8)
For the determinant it holds that

det(y + 0v) = det[y(1 + v 167)] = det ydet(1 + v~ 167) = det(y)(1 + Tr(y167)), (2.9)
using

det(1 +€) = exp(Trin(1l +¢€)) = exp(Tr(e)) &~ 1 4+ Tr(e) . (2.10)
Hence, it holds that

det(y + 6y) — det(y) = 6 det(7) = det 77**67ap = —Yardy* . (2.11)

dy/—det(y) = —% vV — det(7)Yap67 . (2.12)

Now, we calculate the variation of the action:

1 1 1
0Sp = /dzg V= =75y — hay b 6720 = —/dQJ V=T 67 . (2.13)
4ol 2 47

From the vanishing variation we obtain the field equations. These tell us that the energy-momentum tensor
has to vanish:

_ 47 (5513 1 1 cd |
T = \/?'YW = E {’Yab’y hcd - hab} =0. (214)

2
Then, it follows that

1
hab = §7ab70dhcd; (215)
1 1
det(hay) = 5 det(Yap) (Y*%hed)? = V—h = i,ﬁ_wcdhcd. (2.16)

hap and 74 are conformally related metrics. So, the Polykov-action is equivalent to the Nambu-Goto action.

8



2.1. THE CLASSICAL BOSONIC STRING

2.1.1 The symmetries of the Polyakov action
Global symmetries

e D-dimensional Poincaré invariance:

Under the transformation
XH¥(r,0) — A" XY (7,0) + a", (2.17)

the action is invariant (Yap(7, 0) — Yap(7,0)).

Local symmetries

e reparametrization invariance:

X'*(r,0) = X*(1,0), (world sheet scalars) (2.18)
00Oy’ 4(7',0") = Yap(1,0), (symmetric second rank tensor) (2.19)
ds? = v (1,0) do® da® =~/ (7', 0")do" do™® . (2.20)

Infinitesimal versions of the transformation: ¢/¢ = g% — £9.

0xt = £"0a X", 0%ab = Valo + Vilas Va&p = 0alp — e (2.21)

e two-dimensional Weyl invariance:

ab

X'"(o,7) = X*(0,7), .y =exp(2w(T,0))Vap, 67 = 2wy, (2.22)

2.1.2 Consequences of these symmetries

e A consequence of diffeos (reparametrization invariance) is V*T,, = 0 (on-shell). Proof (general):

B 5S . ., 68
5§_/“{w””*ﬁf%‘ (2.23)

The second term vanishes via the equations of motion for ¢. The first term is (by definition of the
energy-momentum tensor) ~ /—7T,;. One obtains:

/ do =T (V" + V") =2 / do V=AT'Voe" = -2 / do =(V'Tu)€" (2.24)

which follows from integration by parts. |

e From Weyl invariance it follows that 7% = y%T,; = 0 (on-shell). Proof (general):

Slexp(2w)Yap, exp(diw)¢1] = S[Vap, 8] » (2.25)

should hold because of Weyl invariance.

— 55— 995 _ab 05
0—55—/d0{ 25 a7 +§;d15¢i}5w. (2.26)

The second term vanishes due to the field equations of ¢. With §5/6v* ~ T, is follows that

,YabTab — 0, (227)
hence the tracelessness of the energy-momentum tensor. (]

We now use the reparametrization invariance to eliminate two of three degrees of freedom of 7,; (gauge fixing).

V= = (2.28)
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Locally, one can always choose

-1 0
Yab ™~ MNab = ( 0 1) . (229)

This gauge is called the conformal gauge. Then, the action is given by

1

S p—
P el

drdo (X% - X"?), (2.30)

and the energy-momentum tensor
1 1
Tab = - {aaXabX - 2nab(80X8CX)} =0. (2.31)
«@

(One has to derive the energy-momentum tensor in an ungauged theory and then fix the gauge to arrive at
this result.)

1
—_ M A —
0Sp = 27TO//dT/dac')aX 06X, =

1
=5 /dT/daDX“éX - —/dT [0, XH0X ], - (2.32)

The second term is a boundary term. Hence, the boundary term has to vanish. From the vanishing of the first
term it follows that

OXF =0=(-0%+0%)X", (2.33)
which is the two-dimensional wave equation.

i.) A closed string is periodic: X* (7,0 +1) = X*(7,0). The solution of the wave equation is

2 2
XH(r,0) =q \/ Z ab exp 2min(r + o) + ok exp Zmin(r = o) , (2.34)
l l
n;ﬁO

which is a Fourier decomposition in left and right moving waves. It holds that o, = (a#)* and

furthermore

1 / 2ra/
() =7 [doxr(ra) = g+ B, (2.35)
0

describes the center-of-mass motion and

l

oL 1

H(r)= [ doII# =pt = XH 2.

V() = [doT(ro) =t g = (2:36)
0

is the center-of-mass momentum. We still need to impose T, = 0 and therefore (X 4 X”)? = 0 (Virasoro
contraints). One has to impose these constraints for finding classical string solutions.

ii.) An open string needs to satisfy

Oy XH16X |77 (2.37)

o= 0
There are two solutions, namely the Neumann boundary conditions (N) (with free string endpoints)

0o X" (T)]95 =0, (2.38)
and the Dirichlet boundary conditions (D) (with fixed string endpoints)

5XH(7)ps = 0. (2.39)

10



2.1. THE CLASSICAL BOSONIC STRING

The meaning of these boundary conditions is as follows. (N) preserves space-time Poincaré invariance:
Xt A XY 40", 0, XF — A' 0, X". (2.40)
From Noether’s theorem, this means that space-time momentum is conserved along N directions.

l l l
1 . 1 .. 1 1
0 PH =0, ﬁ/doX” = /daX“ = 5o /dUX”” = %[X/#(T,U)]lo =0. (241)
0 0

2ma 2
0

(D) breaks space-time Poincaré invariance; the momentum is not conserved: 0,P* # 0. Hence, momen-
tum flows off the end of the open string. But where does it flow to?

D-brane

N

Open strings sit on so-called D-branes. Hence, the momentum flows into these D-branes. One also talks
of Dp-branes, where P is the number of space-dimensions of the brane. (Hence, we have a (P + 1)-

dimensional world volume.) Here, one has (NN) boundary conditions along p = 0, ..., P and (DD)
boundary conditions along y = P+ 1, ..., D —1. P =1 is called a D-string, P = 0 a D-particle, etc.
The solutions of the equations of motion for (NN) are given by
2ol ) 1 nwo imnT
X(r,0)=q+ T + 1\/@2 —Qn COS (T) exp (— i ) , (2.42)
n#0
neZ

so the waves are reflected at the endpoint. For (DD) one has
X|O':0 :qi; X|o':l :(Zf7 (243)

and

1 1 i
X(r,0)=¢;+ = (q5 — q;)o + V2 Z —ay, sin (@) exp (_mm’) . (2.44)
! nez n ! !
n#0
For (ND) one has
8UX‘0:O =0, X|o:l =4y, (2.45)

and

1 .
X(r,0) =qp +ivV2d Z o8 (”lﬂ) exp (_m;ﬂ') . (2.46)

rel+3

Simple classical open-string solution:

A

Aq

qi

11
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2 / A P
X0: 7;Oép7_7 )(1:(11+qu_7 XQZX‘S:.'.:XD*l:O. (247)

From X2 4+ X2 = 0 it follows that X° = Ag/Ir and X - X’ = 0.

l

l
. 1 72 w2y 1 / / 2
47TaI/da/dT(X X" = Tnc do [ d72X* =
0 0
1 A\
- /da/dT (lq) . (2.48)
0

We will now obtain an interpretation of the dimension-full constant o’ by looking at the energy:

N
I

2o 2ma!

l
E=p—_L /dea: ! Ag=TAq. (2.49)
0

T = 1/(2wa’) is called string tension. The energy of the string is proportional to its length and the
constant of proportionality (string tension) can be written using /.

Comments

One could also have defined the action in the way

1

4rre

Sp =

/dza V= {’yabaaX“abX”nW + @R + A} . (2.50)

R(2) is the curvature scalar of two-dimensional metric. Terms R(2) lead to an organization of string perturba-
tion theory in orders of a topological expansion (sphere, torus, double-torus, etc.). However, it can be written
as

VEDRE) = 9,k (2.51)

and therefore are only boundary terms, which do not contribute to the equations of motion. That is why we
did not include such terms. Furthermore, we did not include the term A (cosmological constant), because it is
not Weyl-invariant.

2.2 Quantization of the bosonic string
We have to introduce (= 1). There is

e the canonical quantization,
e the path-integral quantization and

e the BPST-quanization.

Here, we will do a canonical quantization in light-cone gauge. It allows to solve the Virasaro constraints
explicitly and thereby eliminate the unphysical degrees of freedom. (So, only physical degrees of freedom will
propagate.) It is a non-covariant gauge, but it has the advantage that it is the easiest way to obtain the
spectrum of the string and to derive the number of dimensions. Canonical means that be replace the Poisson
brackets by commutators and by using light-cone gauge we quantize only the physical degrees of freedom.
Naive canonical transformations (equal time commutator):

{XH*(1,0),I"(1,0") }pg = 0(0 — """ — [XH(7,0),11"(7,0")] =16(c — o )", (2.52)
with
1(r, ) = 5 X¥(r,0) . (25

From this, one obtains

174

[ah, ] = Mmbmgn,on®™,  [g",p"] = in"", (2.54)

12



2.2. QUANTIZATION OF THE BOSONIC STRING

for the open string. This is true for all boundary conditions. (For the (ND) string the a# will be half-integer
modes.) For the closed string one obtains additionally:

[a, ar,] = nn™ G0 - (2.55)
From hermiticity of X* it follows that (a#)! = o/, and (a*) = &",,. o (n > 0) are annihilation operators
and o (n < 0) are creation operators. So, one has an infinite collection of harmonic oscillators labeled by the

index n. We define the Fock space vacuum |0) by o/ (|0) = 0. For states in Fock space it holds that

-1 for =0
% 2 — HV 1%
o o)1 = ol o) = = T T H2) (2.56)

The bad thing is, that for u = 0 the state has a negative norm. But, we still have to impose the constraints
(phys|Tup|phys’) =0, (2.57)

and then we solve the constraints explicitly (light cone gauge). We have to introduce light cone coordinates:

1
+ + 0 D-1
cr-=17+0, X*T= X'+ X , 2.58
7 ) (2.58)
and X! for i =1, ..., D — 2 are the transverse coordinates. Then it holds that

X -X= § (XH2 —2X+X~. (2.59)

Writing down the Virasora constraints in these coordinates leads to
0+ X -0;X=0=0_X-0_X. (2.60)

We use this representation and set X = (2ra/p™7)/l to obtain X ~(X?).

D—-2
Sp = 4730/ dr do {Z [(Xi)2 - (X”‘)ﬂ} , (2.61)

D—-2
Hiight—cone = ﬁ/da { [(0:X)% + (05 } /daZ{ O X+ (0-X")%} . (2.62)

i=1

From T | = 0 one gets

0+ X -0+ X = Z(ain)Q — 28iX+8iX_ =0. (263)

i
Hence, X~ can be written in terms of X?. For the open string one finds
Hiight—cone = o Z Z oy, o, + zero modes, (2.64)
i=1 n#0

with the zero modes given by

o’ (2.65)
for (NN),
1 D—2
e iCUUS — ), (2.66)
z=1
for (DD) and 0 for (DN) and (ND), repectively. For the closed string we obtain
- D= 7Ta’ D-2
Hiight-cone = 7 Z ; Lol +akal pa p'p'. (2.67)

13



CHAPTER 2. THE BOSONIC STRING

We write the Hamiltonian of a harmonic oscillator in a normal ordered form. We will also want to that for our
Hamiltonians. Then we get an infinite sum of the form

i n. (2.68)

We must make sense about of this expression. The correct value of this number will be important for deter-
mining the critical dimension of the string. Using [a%,, @ ] = ndp4m 00" we arrive at

1 D-2 = D-2
§ZZaa ZZ‘LnO‘n"‘O‘O‘ ZZainafl—i—A, (2.69)
n#0 i=1 i=1 n>0 i=1 n>0
with
1 o
A:i(D—Q)Zn. (2.70)
n=1

This sum needs to be regularized, because it is infinite.

e Method 1:

D—
Hl(lz,fl:ncone = % Z Z Oé Oé + D - 2) Z n. (271)
i=1 n>0

n>0

We introduce 1/¢ as an UV cut-off:
m T — T
7 Z ne Z nexp (—5 (7”)) . (2.72)
n>0 n=1
This can be understood as follows:
ZE” — ZEn exp _En ) (2.73)
A
n n
What we need is the expression
= em
z:: 1 — q)2 ’ q = €Xp (_7> ’ (274)
and by using that, one obtains
emn l 17
Z n exp ( ) — — =5 +0(e), (2.75)

and for the light-cone Hamiltonian:

open 2 l D - 2
Hl(lgll’lt )Cone — { Z Z a' ol } + o + zero mode part . (2.76)
i=1 n>0

The third term is proportional to the length of the string

l
= /do, (2.77)
0

and is divergent as € — 0. To absorb the divergent piece, one has to add a cosmological constant (in two
dimensions, has nothing to do with cosmological constant in general relativity) to S,. Adjusting A one
can absorb the divergent part. At the end, the theory will be Weyl invariant.

14



2.2. QUANTIZATION OF THE BOSONIC STRING

Method 2: ¢-function regularization

We define
C(s,0) =D (n+v)"", (2.78)
n=0
which ist defined for Re(s) > 1. For other values of s it is defined by analytic continuation.
- _ 1 [ —1/12 for v=0
Zo(n +v) = (L) = -5 (- 6r(l—v)) = { 112418 for v—1/2 (2.79)
n=
Hence, the normal ordering constant is just
D-2 d

where d is the number of (DN) plus the number of (ND) directions.

15
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Chapter 3

The excitation spectrum of the
bosonic string — critical dimension

States in the 1-string Hilbert space H; are denoted as |0, k) defined by
p'0, k) = k*0,k), ! ]0,k) =0, forn>0.

A general state in H; can be constructed as
D—-2 oo
|N,k>:HH DN0,k), N, €Ng.

The mass of the state is given by

o I o
m? = —ph'p, =2pTp” —p'p’ = — Hiight—cone — 1'D"-

For the open string it holds that

' D-2 d =
m2=N+A+ -2 _(Ag?, A=-—""-1+2 N=3"N
am + +(27ra’)2( 0" 21 16 £t

with
> a',al, for neZ, (NN), (DD)
n>0
N; =
> a',al, for meZ+1/2, (ND), (DN)
n>0
The same for the closed string:
o'm? =2(N+N)+A+A,
with
A== 22 N= Y Salel. N- Y Yala.
24 ) —-_n-n? —nn

n>0 < n>0 1

3.1 The excitation spectrum of the open string

(3.1)

(3.2)

(3.6)

(3.7)

The level is the sum of the modes which we have created out of the vacuum by applying the creation operator.

2 - D
240!

e level 0: [0, k), m? =

For D > 2 this is a tachyon. (It has a negative mass square, which results in the instability of the theory.

Then the question arises, in what it decays.)

17



CHAPTER 3. THE EXCITATION SPECTRUM OF THE BOSONIC STRING — CRITICAL
DIMENSION

. 1 2-D 26 — D
o level 1: o' 0, k), m* = — <1+ ) 0
«

24 240/

For m > 0 we go to the rest frame of the particle. (p*) = (m,0,...,0) is invariant under O(D — 1)
(stability group/litte group of massive particles in D dimensions). For m = 0 we cannot got the rest
frame, because the particle moves with the speed of light. (p*) = (E,0,...,0,F) is invariant under
E(D —2) D O(D — 2) (little group of massless particles in D dimensions).

a' 1|0, k) transforms as a vector of O(D — 2). Hence, it must be massless and therefore we obtain D = 26
(critical dimension of bosonic string).

o level 2: ' ,|0,k), o' ;o |0, k)

These states have the same mass (a/m? = 1). The first vector is a vector of SO(24). We split the first
state into a traceless piece and a piece with non-vanishing trace:

o 1 1
(0/_1047_ - 240/31@51> + ﬁcswa’ila’il : (3.8)

They transform differently under Lorentz transformations.

Hence, the representations of SO(24) must combine to representations of SO(25) D SO(24).

3.1.1 Comment

Consider a D p-brane. We have D —2 — p scalars with respect to the Lorentz group which acts on the D p-brane.
a'y (i=1,...,p—1) parallel to the Dp-brane and a®, (a =p, ..., D — 1) perpendicular to the brane.

3.1.2 Comment on spin of string excitations
Spin operator:

l

Jii = / do (XTV — XIT1) = SV + L, (3.9)
0
with
g 1 . . S . o o
SY = —i Z E(o/_na% —a’ o), LY =zx'p —alp". (3.10)
n=1

At level N the maximal eigenvalue of a particular spin component (e.g. S2?3) is N. The state with maximum
spin is (a2 +ia®{)N|0,k). With m? = 1/a/(N — 1) it follows that $?3 < N =1+ o'm?.

3.2 The excitation spectrum of the closed string

o +— o + ¢ should be a symmetry. Considering the operator

27i ~
Us = exp <;”5(N - N)> , (3.11)
one can show that
Usa,Us = a, exp —Tén , Usa,Us = ay, exp T(Fn , (3.12)
and hence
UsX'(r,0)U} = X'(,0 + ). (3.13)

Require Us|phys) = |phys), from which follows that N = N on physical states (level matching condition).

D -2

e ground state: N = N =0, 0,0, k), m? = — oo

That is again a tachyon.

18



3.2. THE EXCITATION SPECTRUM OF THE CLOSED STRING

_26-D
6

There are (D — 2)? polarization states. These cannot be grouped into a nontrivial representation of
SO(D —1). Hence, they are massless and D = 26. Be v/ a massless state.

o first excited state: o’ ;& 0,0, k), o/m?

1 .. . 1
e 725%’“ , (3.14)

i kk
25v>+2 D=

oy g
ij = id Ji _
v 2(“ T

whereas the first part is symmetric and traceless, the second one is antisymmetric and the third one a
singlet. All massive states can be grouped into representations of SO(25).

The remaining diffeo after fixing the light-cone gauge:
oo =l—-0, 7T =1. (3.15)
e 1o 1/00 tension of this diffeo
e it repeats periodically 0 — o +nl = o' — o’ — (n — 1)l
e is maps endpoints of the open string to endpoints
c0=0—0o=1l, o=1, o0=0. (3.16)
e Their diffeos reversed the orientation of the world sheet.
e It is generated by the world parity operator (2.
QXA (1,0)Q" = XH(1,1 — 7). (3.17)
From Q2 = 1 there follow the eigenvalues 1. For an open string ist holds that
QalQl = (=1)"at, (3.18)
for (NN) and for a closed string
QatQt =att, QarQl = ok, (3.19)
Fix the phase of 2 by requiring
Q[0; k) = |0 k), (3.20)
for an open string and
Q/0,0; k) = |0,0; k) , (3.21)
for a closed string. From this one obtains
QIN: k) = (~)V|N:k), Q|N,N;k) =|N,N;k), (3.22)
for an open and closed string, respectively. Now we can consider two types of strings

— unoriented strings: Q|phys) = |phys) (gauging of )

— oriented string: no restriction

19
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Chapter 4

Superstrings

The goals are to describe space-time spinors (i.e. fermions) and to remove tachyonic degrees of freedem. There
are two ways to do that:
e Green-Schwarz formalism (which will not discussed in detail)

One introduces X*(o,7), which is a world-sheet scalar and space-time vector, and 6 (o, 7), where 6 is a
space-time spinor and A the associated spinor index.

e Newen-Schwarz-Ramond (RNS) formalism

One introduces X*(o,7) and W4 (o, 7), whereas ¥ is a world sheet spinor and a space-time vector with
spinor index «.

Recall that in the Polyakov action, two-dimensional scalars couple to two-dimensional gravity. Two-
dimensional diffeo and Weyl invariance allow for elimination of the two-dimensional metric 7y,. The
generalization is to couple (X*, U*) to two-dimensional supergravity.

Yab — (7avag) ;o XM e (Xﬂa \Ijﬂ) ’ (4'1)
where X is the world sheet gravitino. Consider o — o® + £“:

— diffeo — diffeo plus SUSY transformation (£% — (£%,¢,))
— Weyl symmetry — super Weyl symmetry

One can use these symmetries to eliminate 45, X, (super conformal gauge).

S=—

1 a s M oa
yre / &% {aaXﬂa X, —ia/T" aaxpu} : (4.2)
where 0% are the two-dimensional Dirac matrices obeying
-1 0
a by _ . ab __
An explicit representation of these matrices — the so-called Majorana basis — is given by

2= 0) e=(i ) (0

In this representation, the compponents of ¥ = (1, TZ) can be chosen as real. Then it holds that

U =Ulpd =wTg0, (4.5)
and
1 no— i LR
S = —— dodr 04+ X"0™ X, + 7(‘1’ 0LV, +WHO_Wy) o . (4.6)
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CHAPTER 4. SUPERSTRINGS

4.1 Residual symmetries of a gauge fixed action

Consider holomorphic diffeos

5eX = €T0LX + 60X, (4.7)
el = €700 + S (046N +E70.7, (1.9
et = €0+ (06 )b +EV0L0, (19)

and holomorphic supersymmetries

[o)  _~ ~ ]2 _ . ]2
onX = 5("71/) ), S =i o oy X, Opp=i o no-X, (4.10)

whereas ¢+ = ¢*(0%) and 17 = 7j(¢T), n = n(o ™). Verification for 77 = 0 (i.e. 5 = 0):

s o1
55 = = [ @ {0,600 + 0.x0_(63) + (500, + 00, 60) | -
1 9 o o o
Y /d o 55+(771/’)87X + §5+X5—(77¢) - 5(7787)(8#/) + 104+ (n0-X)) ¢ =
p.L 1 / 2
=——/d —20,0-X + 01 (no_X)Y — oL (no_X)} =
o o {-20; () + 04 (O-X ) — ¢04 (n0-X)}
1 1
— = [ o (20,0 X(nw) + 0.0-X(pb) — w0 X0 +0,0-Xvm ~ $0_X0.m) =
L L [0 p0_x0,m=0 (4.11)
= — o . =40, .
T Voo +7
We also learn that Tp ~ ©¥0_X is conserved. We need to impose the constraints
Tp ~90_-X =0, (4.12a)
Tp ~ 0, X =0. (4.12Db)

Good exercise: Do the same for holomorphic diffeos o +— o + €T, 0~ +— o~. Then it follows that
ia’ ~ ~ 1
Tex ~ (02X)(0£X) + —-9*0x4, = 0. (4.13)

Egs. (4.12a) and (4.13) are called super Virasoro constraints. It is an exercise to show that these transforma-
tions satisfy the SUSY algebra:

[0x,0,]X = €70, X +670_X, ¢ =2ip\, &' =2, (4.14)

[Br,0altb = €0+ 5(0-€ ). (4.15)

The equations of motion follow from the variation of the action with respect to the bosonic and fermionic
fields, respectively.

%:0:>DX“=0, (4.16)

with corresponding boundary conditions (for open strings) and periodic boundary conditions (for closed

strings).
)
— =0. 4.17
Suoh (4.17)

22



4.1. RESIDUAL SYMMETRIES OF A GAUGE FIXED ACTION

From
5S ~ = / do dr {&pmwmméw +0P0_1 + {Ea,a{/?} -
:/@mT5mmww—%a@M+mwwww4%@}=

o=l

— 2 / do dr {a+¢5¢+a_{/?5{/?} n % / dr [(&/;ﬁp — (&Z){z?] o (4.18)

it follows that

Dt =0, O_yYF =0, (4.19)
plus (periodic) boundary conditions for an (closed) open string. We need to require

A TR (4.20)
The solutions are given by:

YOy =0, (65 =0, (4.21)
for a closed string with v, {/; decoupled and

V(0Y) = (E)lo—0 =0, Y(80) = $(50)|o—t = 0, (4.22)

for an open string. An open string has to satisfy the boundary conditions separately at each end-point. We
require at each end-point

o e, (0= o) 42)

Without loss of generality one can choose 1" (r,0) = " (r,0) and " (r,1) = ni"(r,1) with a phase n = +1.
The choice n =1 is called Ramond (R) sector and the choice n = —1 Newen-Schwarz (NS) sector.
The solutions of the equations of motion are

w“z\/7¢“ < WT+U)>, (4.24a)
W-wa“ ( WT+U)>, (4.24D)

where one has to distinguish between the two sectors. In Eq. (4.24a) it holds that r € Z 4+ 1/2 (NS) and in
(4.24b) it holds that r € Z (R). Consider a closed string:

Voplo =0, $ogly=0. (4.25)
e ¢ and 1; are independent.

e One can choose ¥ and {E either as periodic or antiperiodic.

YT o +1) =t (r,0), n==+1, (4.26)

YH(T +1) = (T, 0), 7= *1. (4.27)

We consider the same boundary conditions, because this preserves space-time Lorentz invariance.

wwa?;w@@mﬁ[ﬂ,QWFJ?Z%mG%ﬁ“ﬂ, (4.29)

with 7 € Z (R) and r € Z+ 1/2 (NS). Now, one can choose the following signs of »,
e n=n=-1(NSNS),n=7=1(RR)
These choices correspond to space-time bosons.
® = _77: 1 (RvNS)v n= _ﬁ: -1 (NS7R)

These choices correspond to fermions.
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CHAPTER 4. SUPERSTRINGS

4.2 Quantization of the fermionic string: critical dimension

Here, we will use light-cone gauge only. We use the symmetries to set v** = 7 x2 =0, Xt ~ 7, T = QZT =0.
(We will skip the proof that is it indeed possible to choose that gauge.) The constraints are Ty =T__ =0,
Try =T =0.

4.2.1 Quantization of fermions

o We have to impose anti-commutation relations, because of the opposite statistics compared to bosons.

e One has to use Dirac brackets (system of second class constraints). Note that e.g. the canonical momen-
tum
otr

i
0= 3y ~ Y (429

It is crucial to differ between left- and right-acting derivatives, because the fields anticommute. We define

L y~0, (4.30)

¢:7T+47r

which is called a second-class constraint. (They require a modification of the quantization procedure.) If one
defines the Poisson bracket

{'(/Jv '(/)}PB =0, {H’ H}PB =0, {% H}PB = _6(0 - U/) ’ (431)

where both functions are evaluated at the same 7, one finds the following;:

{0, 0}tpe = _ié(” —o)=C= —i]l. (4.32)

Then, one defines the Dirac bracket as

{,¥}ps = {¥, ¥} p — {¥,¢}peC ™ {0, ¢}pp = —2mil. (4.33)
Analogously:

{¢,M}pe = {¢,}p — {¢), ¢}peC~ {4, I} pp = —%]1- (4.34)
From this follows that

{i(r,0),7 (1,0") }pp = —27id(0 — 0”)6% , (4.35)

{{bvi(T, O’)’(Zj(’ﬂ o')}pp = —27id (o — 0’)6% . (4.36)

The quantization now proceeds by replacing the Dirac bracket by the anti-commutator: {e, e}pp — —ie, ] :

(' (r,0), 07 (1,0")} = 276(5 — 0")6% | {4 (r,0),07 (1,0")} = 2x6(0 — 0" )6% (4.37)

{/(bqlﬂv ’(/}é} = 6’r+s,05ij ) {Jia {pig} = §T+s,06ij ) {w;ia Jg} =0. (438)

The next step is to express Hijght—cone i terms of transverse oscillators. Since bosons and fermions decouple,
one has

l

i . ~. 2d
Hlight—conc Hl(lz(})lie)cone E /da (’lpzwl + wlw ) . (439)
0

Inserting the mode-expansions in the second term leads to
1
1 7 3 7
+ [dowi +39) - g it (4.40)
0
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4.3. EXCITATION SPECTRUM OF THE OPEN FERMIONIC STRING

for the open string and then one finds:
T e
Hl(l’;)lfn cone ? Z Z aina:z + Z ”ﬁlrwi + T szpz ) (441)
i=1 n#0 T i
with the last term fiir (NN) boundary conditions. One then obtains for the mass operator

(mz (open) _ {Z a_n ‘ [ Z m/ﬂ i } (4.42)

n>0 r>0
with r € Z for (R) and r € Z + 1/2 for (NS). For the closed string one gets
. 2 S L _
(m?2)(closed) — 2 {Z(o/ WO @ a0) + > (ret vl + wgwr)} +A+A. (4.43)
!
n>0 r>0

These are the expressions before doing the normal ordering. Now, we need to determine the normal ordering
constants A, A:

D) DLRTHEED P DR

i nA0 i 0
= % > (al,ap +ajal % SO et - —rui - it (4.44)
i n>0 i >0
Using
ajat, =n+a’al, P, =1—1" 4 (4.45)

one obtains
D) IIED3) SRS LRI IO M ¥ a0
n>0 14 i >0 0 -
Here, we need (-function renormalization
= (- ¢(-1,0) = —1/12 for (R)
gn_g( . gf‘{ ¢(~1,1/2) =1/24 for (NS) ’ (4.47)

and one ends up with

open) _ J O for (R)
Al )—{ —(D—=2)/16 for (NS) ° (4.48)

It must hold that

D—-2 d
—_——+ = 4.4
16 * 8’ (4.49)

fir d (ND4DN) boundary conditions.

4.3 Excitation spectrum of the open fermionic string
We only choose (NN), (DD) boundary conditions. Let us look at the (NS) sector first:
al|0;k) = L|0sk)y =0, n>0,r>0. (4.50)

e We have a ground state |0, k) with o/'m? = —(D — 2)/16.

) 1 D-2 D —10
o The first excited state is ¢’ ,|0; k) with o/'m? = R T vt

Since it has only D — 2 degrees of freedom, it must be a massless vector and from that one obtains
Dcrit = 10.
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CHAPTER 4. SUPERSTRINGS

e The higher excited states with m? > 0 fall into the represenations of SO(9).
Now we are coming to the (R) sector: Note that fermions have zero modes 8.
(i, 03y =69, i=1,...,8. (4.51)
Note:
1
V2

One can show that in even dimensions there is a unique representation of the Clifford algebra in terms of Dirac
matrices. Hence, I’ = /2y’ are 16 x 16 Dirac matrices of SO(8). (In general: In D = 2n dimensions the
dimensionality of the matrices is given by 2".) The mass operator is

=, (T4 TV} =207, (4.52)

o’'m? = Z a'al + Z nabt L (4.53)
% n>0
with [m?2,+}] = 0. From this we find that the ground state in the (R) sector is degenerate and has m? = 0.
We will denote these states by |A), where A =1, ..., 16 labels the degeneracy.
. 1 i
volA) = —=(1")4%[B), (4.54)

V2

where A, B are spinor indices of I'". Hence, the ground state of the (R) sector transforms like a space-time
spinor of SO(8). (That is why it must be massless.) All the states in the (R) sector are space-time spinors and
therefore fermions.

The 16-dimensional spinor representation of SO(8) is reducible. Define

r=rt..r% @)?=1, {T'.1%) =0, (4.55)
from what follows that the eigenvalues of I'? are +1.
Tr(T%) = Tr(D'T2. .. T%) = —Tr(I?I¥1?) = —~Tr(I''12...T%) = —Tr(I?) = 0. (4.56)

Hence, I'? has got 8 eigenvalues +1 and 8 eigenvalues —1. T'? itself commutes with M ~ [, T'Y] (the generators
of SO(8)), what — by Schur’s lemma — means that I' is constant on each irreducible representation. So,
the representation splits as 16 = 8; + 8. into the two irreducible represenations of SO(8). One splits the
16-dimensional space into the two eigenspaces of I'”. Then, we get

|4) =la) @ |a), T°la) =la), T°a)=—la), (4.57)

with A=1,...,16anda=1,...,8anda=1, ..., 8.

4.4 Massless states of open fermionic string

e (NS) sector:

— 10) with a'm? = —1/2
- 1/121/2\0) with a/m? = 0 (massless vector of SO(8))

e (R) sector:

— |a), |&) (massless spinors, one left- and one right-handed)

4.5 Spectrum of closed fermionic string

We need to impose the level matching condition.

exp(ir6(N — N)), N = Z ol al + erlﬂ/}ﬁ . (4.58)

n>0 r>0
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4.5. SPECTRUM OF CLOSED FERMIONIC STRING

a'm?  states and their SO(8) little group ~ representation constant (—1)F (—1)F

representation constant with respect to
little group

(NS,NS)
2 0) ® [0) SO(9) 1 -1 -1
1 1
0 VL pl0) @97 0[0) SO(8) 1+ 28+ 35, 1 1
8, 8,
(R.R)
0 a) ® [b) SO(8) 1+28+35, 1 1
88 88
a) ® |b) SO(8) 1+28+435_ -1 -1
8. 8
a) ® |b) 8, + 56, 1 -1
85 80
|a) @ |b) 8, + 56, -1 1
8C 85
(R,NS)
[a) @ 7, ,[0) SO(8) 8. + 56, 1 1
88 8’U
|a) @ YT, 15|0) 8, + 56, -1 1
86 85
(NSR)
Uy 10l0) @ a) SO(8) 8. + 56, 1 1
8, 8
{/;i—1/2|0> ®0) 8, + 56, 1 -1
8’[} 86

There are several problems with this theory:
1) tachyons,
2) lack of modular invariance, invariance under large diffeos,
3) non-local operator product expansion of vertex operators.

The cure of all these problems is given by the Gliozzi-Scherk-Olive-projection (GSO). Define operators F' and
F' such that

{(~DF, 91} =0={(-1)F,4'}. (4.59)

For the (NS) sector, this operator is given by

F=Y"g' yr—1, F=.. (4.60)

r>0

The first term measures the number of world-sheet fermions. A state

alt, ot ol (0N, (4.61)
has (—1)F = (—=1)™*1 and hence (—1)¥|0)xs = —|0)ns. For the (R) sector we have

(—1)F =T exp (iw > wim;) | T%a)=la), Ta)=—a). (4.62)

m>0

A state

o, ooath T a) (4.63)
has

(D = (=M (=1)%5 om0 (4.64)
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Another state
i1 iN J1 JnM .
O T N 1 S |a) ,

—nq —NN —mm

has
(—D)F = —(=)M(=1)%s i
Two consistent GSO-projections:
e For NS-states require (—1)¥ = (1) = 1.
e For R-states:

— (=D)F = (—l)ﬁ =1 (IIB-theory)

(NS,NS) (R,R) (NS,R) (R,NS)
1+28+4+35, 1428435, 8.+ 56, 8.+ 56,
128 space-time bosons 128 space-time fermions

chiral spectrum, N = 2 space-time SUSY in D = 10, IIB SUGRA
* (NS,NS): 1: Dilaton, 28: anti-symmetric tensor, 35,: graviton
x (NS,R)+(R,NS): 8,: dilatino (superpartner of dilaton)

* (NS,R)+(R,NS): 56.: gravitino

— (=1)F = —=(=1)F = —1 (IIA-theory)

(NS,NS) (R,R) (NS,R) (R,NS)
1+28+35, 8,+56, 8;+4 56 8.+ 56,
128 space-time bosons 128 space-time fermions

non-chiral spectrum, N = 2 space-time SUSY in D = 10, I[TA SUGRA

(4.65)

(4.66)

Neither of these theories has a tachyonic state. ITA and IIB SUGRA are low energy effective field
theories of the massless string states. Be (¢) the vacuum expectation value of the dilaton. Then,
the string coupling constant, which measures the number of loops on the world sheet, is given by

gs = exp((9)).

(10) _ 278 1 exp(—2(¢))
GN - gsls ) G(lo) ~ I8 .
N s

(4.67)

The states of the standard model should be searched for among the massless string excitations.
Other string excitations are of order Planck scale and much to heavy to be produced in collider

experiments.

The type-II theory has a world-sheet parity operator which exchanges left- and right-movers, as symmetry.
Therefore, we can gauge this symmetry, which leads to the theory of unoriented closed strings. Which

states survive the projection? The field content of N =1 SUGRA in D = 10 is given by:
— (NS,NS): 1 + 35,
— (NS,R)+(R,NS): 8. + 56,
- (R,R): 28.

Typ IIB/(Q2 projection) does not lead to a consistent theory. The cure is to add open strings and 32
D9-branes and 1 orientifold plane. The type I string contains oriented plus non-oriented open plus closed
strings. The gauge symmetry is SO(32). The effective low-energy field theory of massless excitations is

Type I SUGRA coupled to N = 1 SUSY with gauge group SO(32).

| SUSY
Type ITA N =2 closed, oriented
Type IIB N = closed, oriented
Type I N =1 closed plus open, oriented plus non-oriented
heterotic Fg x Fg | N =1 closed, oriented
heterotic SO(32) | N = closed, oriented

L R

bosonic  fermonic
D =26 Dr=10 Dy — Dgr =16, T'® = R6/I'j4 (lattice, which defines a torus)
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Chapter 5

String Compactification

The consistency of the theory has to require that the string lives in Minkowski space-time. We have to find
a way to formulate string theory in non-trivial background. We will only consider the bosonic sector of the
superstring. We can write the Polyakov action in the following form:

1
4o/

Sp = / d20 {fy“baaX"BbX”GW(X) + 198, X1, XY By () + o/CIJ(x)(Q)R(fy)} . (51)

=

We have coupled the world sheet to a symmetric and antisymmetric tensor field and the dilaton. The back-
grounds are not arbitrary. They are constraint by the requirement of conformal invariance. Note that in the
case of Gy = Nuv, By = 0 and ® = const. this is a free field theory. For G, (z), By, (z) and ®(x) is is an
interacting conformal field theory. The conformal invariance of the interacting theory requires all S-functions
to vanish. The g-functions follow from lowest order perturbation theory (one-loop Feynman diagrams) with
respect to o/. To obtain the 3-functions one does a so-called background expansion of the metric:

1
Gu(x) =1y — gRWW(xO)(x — 2%z —2%)7 + ..., (5.2)
where at the point z° the metric is flat and the Christoffel symbols vanish. Then, one has to calculate the
corresponding Feynman diagrams. The results are:

/
= a' Ry +2d'V,V,® — OKZHMQ[,HVQ” +0(a?), (5.3a)
!
5 _ —%V@Hw + o' VOB H,,, + O(a?), (5.3b)
P 1 o 2 ! 2 o nvo 2
8% = B(D —26) — 5v O +a'(VO)” — ﬂHWQH + O0(), (5.3¢)
for a bosonic string and with
Hyo=0,Byo+ 0,8y, + 0,8, . (5.4)

EV = ﬁfy = (3% = 0 corresponds to the equations of motion for the background fields. Some exact solutions
(to all orders in ') are known:

e For constant @, B, and flat space-time (G, = 1,,,) the equations are solved to all orders of perturbation
theory.

e Plane gravitational waves: G, (z), G (x), ® = const.
e Calabi-Yau manifolds: C,,, (), By, =0, ® = const.

Now we want to look for solutions to E,, =B = B* = 0 for M = M3! x Kg. where M>! is the
four-dimensional Minkowski space-time and Ky a compact six-dimensional manifold. The simplest example
for K¢ is a flat 6-torus: 7¢ = RS/AS, where A is a six-dimensional lattice (periodic identifications). Flat
means that R,, = 0 or G;; = §;;. The simplest torus compactification (for a closed bosonic string) is on
T! = St = R/2rRZ. So, we compactify X = X2°. What does this compactification mean? We identify
X = X 4+ 27rRw with w € Z. This periodicity has two effects:
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CHAPTER 5. STRING COMPACTIFICATION

w=1
map 1
c=0 o=1
| L ] |
T i i il
—27R 0 2rR 4R
g = o =
map 2
w=2

e It leads to a quantization of momentum.

exp(2miRp): q — q + 27 R. Hence, the p eigenvalues are quantized: p = n/R with n € Z.

e winding:

X(7,0) for 0 < o <[ is a map from an object with the topology of a circle to another circle: S! s S*
(71(S') = Z). Such maps are characterized by a winding number w.

R24
// o1 // ,’/,,
G | |
N w=20 N w= -1 N\

The periodicity condition is X (0+1) = X (0)+27Rw. These are new states that enter the theory (twisted

states).
// \\ //’
/ L
/‘\ N J/ \
=-1

Any S'-compactified closed string theory must include winding states with w # 0.

2ma’ n 2tR
— w—0

IR TYT
. ] 1 2rwin(r — o) - 2rin(T + o)
+1i 2Zn{oznexp <_l) + ay, exp <_l . (5.5)
n#0
Write X = Xp, + Xg (I = 27) with

/

X(r,0)=q+

XL:$Z+%PL(T+U)+6§6, (5.6a)
a/
XRZZ'T-F?PR(T—U)-F(;;C. (5.6b)
1 n  wR
TL,R= 5((1 tc), PLr= = + o (5.7)

— mass operator:

mt =0 - 30 = 2R+ (R)'s (“’R) = ZNER-2)4 (P4 FD). (59)

— level matching condition:

4 ~ -
E(N—N)—i—Pg—PEE:O:MwH—N—N:O. (5.9)
Now, let us look at the spectrum:
i) Tachyon: N=N=n=w=0, /m? = —4
For n # 0 tachyons depend on the value of R/[;.
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ii) massless states: N = N=1,n=w=0

— '@ (]0,0;k) (i, j =1, ..., 23) gives the 25-dimensional graviton, anti-symmetric tensor and the
dilaton.
— (ot &% + 2508 )[0,0;k), (o' ,a%5 —a?5a%,)|0,0; k) are called Kaluza-Klein vectors h; 25, B; 25

(Vectors under compactified space-time).

— a®,a%,10,0; k): Kaluza-Klein scalar (25-component of the space-time metric hos o5).

Comments

— These massless states also occur in compactified field theories.
— Question: What couples to these gauge bosons?

Let us look at the following;:

-n=Zdw==1
1 R\? 2 ~ ~
* n=w==+1,m? —ﬁ+ o +—(N+N—2),0:N—N+1
For N =0, N = 1 one finds two vectors & ,| £ 1,41) and two scalars a3 | + 1, £1).
-n=-w==1
For N =1 and N = 0 one finds two vectors o ;| + 1, F1) and two scalars o2% | + 1, F1). The mass
squared
1 R\? 2
2 _
m _R2+(a/) - (5.10)

has its minimum for R = v/o/. This means that there are additional massless vectors and scalars
at R = v =ls. (These are the only ones.)

Look at
/ do / A7 Gas 1, (05 X 0, X2 + 0, X410, X ), (5.11)

and obtain with X? = wRo = o/(n/R)1, X* = 2#(1) = ¢" + o'pH1:

/dT/dO’ w25 — Orat) = /7’8 A, . (5.12)

That looks like a charged particle couples to a gauge field, whereas the charge is its momentum quantum
number.

/dr/da Bg5,u3aX2587X“Bsimw/ZHQT:E“. (5.13)

The two Kaluza gauge bosons, which arise from compactification, couple to different charges, namely to the
momentum quantum number and to the winding number of a compactified string. Here we have two vectors
and two scalars that are charged under these gauge bosons. We can take two linear combinations of the
Kaluza-Klein vector particles: a3 a® ;|0) and o’ ;a2% |0), where the first one transforms under U(1)y, and the
second under U(1)g. The first couples to n — w and the second to n + w. Hence, the charges of the massless
states are (£2,0) and (0,£2). There are additional massless scalars with charges (+2,0) and (0,+2). Here
again a list of all massless states:

\ U(1)1-U(1) g-charges

vectors | o al,]0,0) (0,0)
a’1a%%10,0) (0,0)
al | £ 1,41) (0,£2)
al | £ 1,F1) (£2,0)

scalars | o5 a?0,0) (0,0)
%oy +£1,£1) (0,£2)
| £1,F1) (£2,0)
| £2,0) (£2,42)
|0, £2) (£2,¥2)
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CHAPTER 5. STRING COMPACTIFICATION

Note that for generic R the four charged gauge bosons are massive as are all eight charged scalars. Four scalars
have the same mass as the gauge bosons:

R2 _ Ol/ 2
2o . 14
m { Rao’ ] (5.14)

This leads us to the string-Higgs effect. From the scalars |0, £2), | £2,0) two become massive and two become
tachyonic.

5.1 T-duality

5.1.1 Closed strings

Consider the spectrum of a closed string on Sk:

2 2p2 9 _

mQZ%-i-%—&-J(N—&-N—Z). (5.15)
For R — oo the winding modes become infinitely heavy, because it costs energy to stretch the string, since it
is under tension. For the momentum modes we get a continuous spectrum, which is a sign for a non-compact
dimension. (For example, an physicist, who would live in a (2+41)-dimensional world, would observe copies
of (our four-dimensional) electron with continuous spectrum of masses. This would lead him him/her to
the conclusion that there must be an extra non-compact dimension. The physicist would observe the fourth
component of the four-momentum, which is continuous. For R +— oo the situation is reversed.

R— o0 R—0
A A
m? m?
. . > . . >
momentum  winding momentum  winding

One can show that the spectrum is invariant under R — va'/R, n < w (T-duality transformation).

n  wR n  wR

Pp=—+—— P Pr=—— —

L=Ph + o — I, R= 1~

Also the action and hence the whole theory is invariant (duality of the theory). You never find this behaviour
in a particle theory. If one also exchanges «,, — —a, and &, — «, then it holds that

— —Pp. (5.16)

X — Xy, Xgp— —Xg, X=X, +Xpgp— X=X, —Xpg. (517)

Under these operations the conformal field theory (the full algebra) does not change, which is quite an amazing
property of string theory. The duality is non-perturbative in o’ (loop expansion), but perturbative in g
(topolocial expansion).

5.1.2 Open strings

We start with an open string with (NN) boundary conditions and compactify that on a circle. For an open
string there is no winding number that is a topological invariant. Illustration:

D-brane
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Then, we get

1
X(7,0) = q+27a’pr +iV2/ Z —ay, cos(no) exp(—int) =

n#0 n
. Qp . .
=q+a'p(t+o)+dp(r—0o)+iv2a Z 5 [exp(—in(T — 0)) + exp(—in(T + 0))] =
n#0 n
=X+ Xg. (5.18)
Now exchange X — X, Xgr— —Xg:
1
X=X =X —Xg=c+2dpo+ V2 Z —ay, sin(no) exp(—inT) . (5.19)
n#0 n
That is the mode expansion of a string with (DD) conditions.
/
qr — qi = 2%&’% =210’ Rqual s, Rdual = % ) (5.20)
center of mass momentum winding
\ 1 \
\ . \
\ R \
\ \
| |
‘. ‘.
| o > |
D25 ! D24 located|at X'*° = ¢
/ /
/ /
/ ‘ /
R24'
8<TX:30(XL+XR):8TXL767XR:(97—X,. (521)
Recall:
1 1
—_— = (5.22)
G\Y  Bg?
We compactify on a circle Sg:
1 27 R T-duality 27
Gy B I8Rg? " e
Newton’s constant can be measured and therefore we obtain
2m 2R ;s
— = —— = = —(s. 5.24
R~ 2 %" B 24
Wrap a Dp-brane around TP. This is a particle in uncompactified space-time with mass
P
m =T, [[@rR). (5.25)
i=1

Now use T-duality on the p-th circle (T' = 7,h(ygs)):

p—1 \/J p—1 p—1
m = 1,h(gs) [[(27R;) - (27R,) = 71D (95 ) 11 =7-1h(e) [[2mR) . (5.26)

R
i=1 P i=1 i=1

Comparison gives

/ Ry Nl gsVo! ~ Ry
h(gs) \/O7h(gs):>h(93) gsz>h< R ) N (5.27)
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Hence, we can write the tension of a D, brane as

1
Be M the mass of N D-branes:
N
V ~GyM ~ g>— = Ny, . (5.29)

S

For Ngs < 1 the back reaction on geometry can be neglected. However, for Ngs > 1 this is not the case. We
consider a D3 brane in M!?. For g,N < 1 there is no back reaction. For g;N >> 1 there is a strong back
reaction such that the space-time is deformed to AdSs x S® (by putting many of these branes one on another)
with

4

6
SP:Y X7 =R?, AsS;: —(X9)?— (XP)?+) (X;)?=-R’. (5.30)
i=1 ]

Since Dirichlet boundary conditions break space-time Lorentz invariance, the momentum is not conserved
along the string and is transferred to its brane. However, the brane will not move very much due to this
momentum transfer, because it is very heavy. Recall that in IIA-theory we had the fields A,, A,,, and in
IIB-theory the fields Ay, A,,, and ALVQU. What is the significance of these higher-rank tensors? A string
can have a coupling to these antisymmetric tensor fields, whereas the coupling constant is the tension of the
string. The object, which are charged under these fields, is the D-brane. A DO0-brane has a one-dimensional
world volume and couples to A1), whereas a D2-brace with a two-dimensional world volume, couples to A
(ITA). A D(-1)-brane only lives in one point in space-time and couples to A(®), a D1-brane couples to A and
a D3-brane to A (IIB). In a ITA-theory there exist DO-branes with tension T ~ 1/(gsls).

There are theories in particle physics that have monopole solutions. These monopoles are charged. However,
it turns out that there is no force between these. That is because there is a Higgs field that leads to attraction.
(Boson fields with odd spin can lead to both repelling and attraction (photon, gluon, weak bosons) and boson
fields with even spin only lead to attraction (Higgs, graviton).) The attraction and the repelling effects cancel
out independently of the distance. A similar effect leads to the fact that the net force between D-branes is
zZero.

There are marginal bound states of N D0-branes (marginal, because the mass of a bound state is my = Nm =
N/gs). If gs becomes large, the mass spectrum will become continuous. The interpretation of this effect it
that as g5 — oo, the theory becomes 11-dimensional (11-dim SUGRA, low energy limit of M-theory).
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