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Chapter 1

Introduction to conformal field theory
in two dimensions

Conformal invariance means that there is some invariance under a group which is bigger than the Poincaré
group. This implies that correlators are heavily restricted and that 1-, 2- and 3-point functions are fixed. (This
is true in any dimension.) Furthermore, there is no S-matrix. The important objects are the correlators and
there is a correspondence between field and state. In two dimensions there are additional features:

e There is a factorization into left- and right-moving modes.
e An infinite-dimensional Lie algebra organizes the spectrum (Virasoro algebra).

Today we are starting with the discussion of conformal transformations. Then we will see, how the invariance
under conformal transformations restricts the form of the correlators.

Conformal transformations are those which preserve angles. For example, this is the case for rotations, trans-
lations and scaling. A general definition would be

p:M—M, ¢G=2A-g, (1.1)

where A is a positive function on M. For M = M = R" this property is given by

Mo g 0T = A (12)
We consider an infinitesimal transformation z# — z# = z# + wh(x):

M (8, + 0a")(8" 5 + 0pw”) = Nap + (Fgwa + dawp) + O(w?). (1.3)
Hence, it has to hold that

0gwa + Oaws ~ Nag - (1.4)

For d > 3 it follows from (1.4) that w is at most quadratic in . If w is constant, the above transformation
is just a translation. For linear w it is a rotation, scaling (dilatation): z* = a* + Aa*. If w is quadratic, we
obtain a transformation, which we might not have guessed: a special conformal transformation. Let us look
at the inversion:

x/"L

- —. (1.5)
||

One can check that this is indeed a conformal transformation. The special conformal transformations are
combinations of an inversion, a translation and again an inversion:

w n L+ at w |2
U A . e s i iy (1.6)
|| || %—l—a“ 142a- 2+ |z?|a]
Infinitesimally, this is given by
Wt = atz* - 2(a - )zt . (1.7)



CHAPTER 1. INTRODUCTION TO CONFORMAL FIELD THEORY IN TWO DIMENSIONS

The infinitesimal conformal transformations form a Lie algebra so(1,d + 1). (For RP? we get so(p+ 1,q + 1).)
To make inversion well-defined, consider S¢ ~ R? U {oc}. Note: Similar for Minkowski theory on RY4=1 but
we have to go to a covering space of the conformal compactification of R¢~1 — R x §¢~1. All this was rather
general for any dimension, but now we will restrict the whole to two dimensions. Consider complex numbers
z = 2 + iy on the complex plane (compactified version: Riemann sphere). In terms of z and z:

=1y ) = (5 5)- (19)

For
(WH) = <w> ) (1.9)

the z-z-component of Eq. (1.4) is given by 20,w, = 0 and as a result of that, w® = 2w, is anti-holomorphic:
0,w® = 0. Similarly, w? is holomorphic: Ozw® = 0. Hence, any holomorphic w satisfies Eq. (1.4). Consider
global conformal transformations mapping C to C:

az+b
cz+d’

(1.10)

z—w(z) =
These are the so-called Mobius transformations and they exactly have one zero (pole). The conformal group
of C is

C(T) = PSL(2,C) = SL(2,C)/Zs, (1.11)

with
SL(2,C) = {(‘Cl Z) ,ad — be = 1} . Zy={1,-1}. (1.12)

It holds that PSL(2,C) ~ SOL(L 3). Special conformal transformations:

z
z—w(z) = Tras (1.13)
1.1 Correlators
A field ¢(x) has to transform in a representation of the conformal group. This is characterized by
e a scaling dimension A,
e and a representation of the Lorentz/rotation group,
which specify how ¢(0) transforms. In two dimensions there is a scaling dimension A and spin s.
z— Az, 2z exp(if)z, (1.14)
p— ¢, @ (2,2) = A2 exp(ish) p(\ exp(if) z, X exp(—if)Z) . (1.15)
For a general conformal transformation z — w(z) it holds that
¢'(2,%) = (gﬁ)h <g:>h¢(w(z),w(z)) , A=h+h, s=h—h. (1.16)

Let us see, how this transformation property restricts the correlators. We will begin with the one-point
function:

(6(2,2)) = (¢(0,0)) = const. (1.17)

This holds in every translation-invariant field theory. Under scaling/rotation:

(6(2,2)) = a"a"(¢(az,az2)). (1.18)



1.2. LEFT-RIGHT FACTORIZATION

From (@) # 0 it follows that h = h = 0. Let us consider a two-point function:

(91(21,71)92(22,Z2)) = (¢1(21 — 22,21 — Z2)$2(0,0)) =: f(21 — 22). (1.19)

From scale/rotation invariance we obtain
f(z) = Cpm—hag=ha=hs (1.20)

Under special conformal transformations:

z dw 1 z2a 1
— _ - = — = . 1.21
2 w(z) 1+az’ dz 14+az (1+a2)?2 (1+az)? (121)
From that it is clear that
2h 2k w2 (@)
f(2) = (1 +ax) ™M (1 +az) ™ fw) = () (Z) fw). (1.22)

Hence, for a non-vanishing two-point function it has to hold that h; = hy and hy = ho.
For a three-point function there is a unique Mobius transformation that sends three given distinct points 21,
z2, 23 t0 0, 1, 0o, respectively:

Z— 21 R9 — Z3

2 L2 5 (1.23)
Z—2Z3 k9 — 21

As a result of that the coordinate dependence is fixed.

_ _ _ 1 1
(91(21,%1)p2(22,Z2)P3(23,23)) = C - o =)t (o = zg)m X
X ! . ! ey (1.24)

(23 — z1)m3tm—m2 (Z —Zg)

whereas the constant C' is called structure constant of the three-point function.

1.2 Left-right factorization
The solutions of the two-dimensional field equation

(02 - 9*)X(1,0) =0, (1.25)
of some field X split into a left-moving and a right-moving part:

X(r,0) =Xg(t+0)+ Xr(1t—0). (1.26)

There is a Noether current associated to transformations X +— X + const. That is given by J, = 9,X. The
current is conserved: 9%J, = 0. From

Jy =0, X =0, Xg(c"), J_=0_Xp(c7), ot =r1+0, (1.27)
it follows that
0+J_+0_Jy =0. (1.28)

So, there are two conserved, chiral currents. This is a generic feature of scale-invariant two-dimensional field
theory. The energy-momentum tensor 7,3 as a Noether current corresponding to translational symmetries
imposes conserved charges and momenta:

/dTTog = P@ . (129)

Ppg has scaling dimension 1 (from the conformal algebra). Hence, T3 has scaling dimension A = 2. Coordinates
Z, Z:

Tzz (S = 2) s Tﬁ (S = *2) 5 ng = TEZ (S = O) . (130)

7



CHAPTER 1. INTRODUCTION TO CONFORMAL FIELD THEORY IN TWO DIMENSIONS

(T..(w,W)T-.(0,0)) = % = (00 Tor05T..) = 0= 0T, = 0. (1.31)

In a scale-invariant two-dimensional field theory the following holds: For a conserved current J,, whose charge
Q) = /da Jo(7,0), (1.32)

is conserved and scale-invariant, there exists a dual current jﬂ = €,,,J¥ which is also conserved. They split
into chiral currents. Example: In a free-field theory with the conserved current J, = 0,X there also exist
the independently conserved currents Jy = 04X, which only depends on 7+ o and J_ = J_X, which only
depends on 7—o. We have also found out, that there is a holomorphic and anti-holomorphic part of the energy-
momentum tensor in a theory parameterized by z = x + iy: 0571,, = 0 and 9,75z = 0. From conservation
0T, = 0 one obtains

Since T, is symmetric, T,z is constant.
7 )

C
w—2

(Tz(w,w)T,z(0,0)) =

—0=>T.z=0. (1.34)
w

2

That means that T},, is traceless: T#“ =0.

Minkowski space-time Fuclidian “space-time”

correlators (distribution) analytic Euclidian Green’s functions

(satisfying Wightman axioms) continuation  (satisfying Osterwalder-Schrader
axioms, i.p. reflection positivity)

expectation values I reconstruction expectation values of
“time-ordered” fields

fields as operator-valued fields as operator-valued

distributions acting on a Hilbert space functions acting on a Hilbert space

The Osterwalder-Schrader axioms are a remnant of unitarity. They have to be fulfilled such that the Euclidian
theory can be continued back to Minkowski space-time. The Wightman axioms in Minkowski space-time do
not only hold for time-ordered, but for general correlators.



Chapter 2

Radial quantization of Euclidian
theory

Starting with a Minkowski theory on R x S1, (7,0) with o € [0, 27 (covering space of conformal compactified
Minkowski space) one does the analytic continuation 7 +— —it. The coordinates z = exp(i(t + o)), Z =
exp(i(7 — o)) are then replaced by z = exp(t) exp(id) and Z = exp(¢) exp(—id). They span the whole complex
plane.

A

equal “time” slice

past oo

Time-ordering now corresponds to radial ordering. Euclidian time translation ¢ — ¢ +a results in z — exp(a)z,
which is a scaling (dilation). The dilation operator has replaced the role of the Hamiltonian. Time reflection
t — —t just corresponds to the inversion: z — z/|z|%.

2.1 Conformal invariance once more

Classically, T},,z" is the current associated to scaling. If it is conserved, it holds that
M(Tya”) =T =Te(T) =0. (2.1)

The current for a general conformal transformation is given by T, w" (x).

1
M(Tyw") = T,,,0Mw” = iTw(@”w” +0"wh) ~Tr(T)=0. (2.2)
Conserved charges are given by the integration of the underlying current over an equal-time slice:
1 1 N
Quz = o dzw(2)T(2) + %%dz w(Z)T(Z). (2.3)

We look at the transformation of a scaling field ¢ under the transformation w:

27

bud(w) = | o § d2T(2), 6(w)| = [Quo H(uw)] =
o f ]

! 1
Sy ]{ dz — jf dz S R(T(2)p(w))w(z) = jfdzR(T(zw(w))w(z):

2mi
[z[>]w] [z <]w]| w

= B(0.0)(w)d(w) + w(w)d(w), (2.4)
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where R means radial ordering:
P(z)¢(w) for |z > |w]
R (z)p(w)) = 2.5
o) = { G o e (25)
So, the transformation of a field ¢ under a scaling transformation can be written in terms of a contour integral
over a radial-ordered term. This equation is sometimes called conformal Ward identity.

- D
—

Assume, that ¢ just depends on z (h = 0).

¢'(2) = (1 + 0.w)"p(z + w(z))
d(2) = h(0:w)9(2) + wd.¢p + O(w?)

(=)
S
—~~

I3
~—
I
S
—
W
~—
|

That means:
(2.6)

R(T(2)p(w)) = e _hw)2 d(w) + ﬁ@zgh(w) + regular terms.

2.2 Primary fields

Fields ¢ with operator product expansion (OPE) as in Eq. (2.6) are called primary fields. Scaling fields are

quasi-primary fields:

RIT()0w) = ..+ f)w)s e 7hw)2¢(w) + ﬁ@qﬁ(w) +o

1
T(z) = Z L,27"?, L,= 5 %dz 2"MT(2),

nez
From these arguments we can compute the commutator of L,, and such a field ¢(w) (with w(z) = 2"T1):
(2.9)

[Ln, $(w)] = h(n + Dw"d(w) + w"F1og(w) = w" [n(n + 1) + wdy]p(w).

Quasi-primary fields are the ones for n = 0, &1 and primary fields are the ones for all n. Let us now look at

the operator product expansion of 17"

C
0 2 T(w)+ ﬁ@wT(w) . (2.10)

There are no higher-order terms allowed, if we assume that there are no fields of negative scaling dimension.

c
(T(2)T(0)) = 224 (2.11)
Now, we can do the following computation:
[Lons Ln] = (m — 1) Lyngn + %m(mz — 1m0 (2.12)
where c is called central charge. Compare to the algebra of [, = —2™*110,:
(2.13)

[lﬂ% ln] = (m - n)lm—i-n .
The second term in Eq. (2.12) is the central extension. Eq. (2.12) is called Virasoro algebra and Eq. (2.13)

is called Witt algebra. The Virasora algebra is useful to organize the spectrum.
10



Chapter 3

Conformal transformations of the
energy-momentum tensor

zZ—w

c
5, T(w) = ﬁ 7§ 2 R(T(2)T (w))w(2) = 2(w)T + wdT + % / dz (mma) .

=2w'T + woT + %w’”(w) (3.1)

Under a large conformal transformation z — w(z) the transformation of the energy-momentum tensor is given
by:

T T'(2) = (i‘;’) T(w(z)) + 1%{10, 2}, (3.2)

with {e, e} denoting the Schwarz derivative defined by

ww! — Q(w//)Q

{w,z} = W : (3.3)

The Schwarz derivative tells how much a function deviates from the Mobius transformation. Hence, it vanishes
for

az+b
cz+d’

w(z) = (3.4)

Consider a free scalar (massless) field X (7,0) on R x S'. The generating currents for translations in the
target space of coordinates are given by J = i0X.

operator
product expansion

vertex
operators currents .
J =10X
correlators
free field X
state-operator energy-momentum
correspondence tensor

11



CHAPTER 3. CONFORMAL TRANSFORMATIONS OF THE ENERGY-MOMENTUM
TENSOR

1
L=——(0.X03Xn"") . 3.5
Aral ( BAT) ) ( )
The energy-momentum tensor
1 1 n
Top = o ((%X@gX - 2770,587X87X> , o-=T1%0, (3.6)

has the following properties (light-cone coordinates):
1) T-symmetric and traceless: Ty =T_, =0,
2) T-conserved: 04T =0=0_T}4.

The solution of the equations of motion is given by
S / .o 1 AU Loy
X(e7,0")=x+apr +1i 5 E —an exp(—ino ™) + —a, exp(—inc™) | . (3.7
n n
n#0

From the condition that X is real one can state

=T_p. (3.8)

n

* * * _
X :x’ p :p’ a”n/:afn7 a

We quantize the theory by introducing the commutation relations

[@m, an] = MOmtno = [@Gm, 0], [z,p]=1. (3.9)
Let |k) be the ground state with properties

plk) = k|k), amlk) =an|k) =0Vm >0. (3.10)
Apply a,, an (n < 0) on the ground state:

Apy - Qp Gy -G k), my <0, m; <O0. (3.11)
These span the Fock space Fj. The reality conditions
=G, (3.12)

xT:x, pT:pv aL:a7n7 EIL

specify the scalar product up to a constant of normalization. By using

z =exp(ic”) = exp(i(t — o)) KimamiN exp(t) exp(—id), (3.13)
we calculate the chiral current:
0 1 0 ! !
J(z) =i5-X(2,7) = 55 =X (2,7) = % nzeganz_"_l, ap = %p. (3.14)

For determining the correlators we first need the operator product expansion. J(z) has the conformal weight
n=1.
C

(z —w)

0
J(z)J(w) = 5 + ” + regular terms. (3.15)

z —

The second term vanishes because of the symmetry between z and w. There still remains to determine the
constant C.
C

(z —w)?’

We split J into the sum J) + J(=) whereas J() contains the a,, with n > 0 and the J(=) all a,, with n < 0.
By using [am,, an] = M0um+n,0 One obtains:

[JH)(2), J(w)] = %/ Z Z[am,an]z*mflw*”’l — %’ Z my— M Lyym—1 —

(01J(2)J (w)]|0) = (3.16)

m>0n€Z m>0
o 0 w\™ 1 jw|<|z| o O 1 1 o 1
_ o w\™ 1 jwi<lzl & O e b 3.17
28wmz>0(z) z 20w \1-%2)2z 2 (z—w)? ( )

Then, we obtain:

(017 (2)J (w)[0) = (0]J ) (2)J (w)|0) = (0|[TH)(2), J(w)]|0) = %_710 ((0j0) = 1) . (3.18)

12



3.1. VERTEX OPERATORS

Q
®@
&)

We calculate

O1J(2) (1) . I (20)[0) (3.19)
by using
J(Z):lefdwu{(fl:—;m;]{dwwl_zv (3.20)

from deforming the integration contour and obtain with the above operator product expansion:

—— Zfdw ﬁ (01T (21) - T ()T (z0) - T (2)]0) =

:Z%%(O\J(zl)...ﬁzl\)...J(znﬂO), (3.21)

where ® means that the corresponding operator is left out. Now to the energy-momentum tensor:

JI, T() =L I . (3.22)

a/

/

T,.= L(’LX(’?ZX =3 !

2ma’ To

We calculate the normal ordering product:

1 J(2)J (%) : = lim (J(z)J(w) — singular part of OPE) = lim (J(z)J(w) — [JHP)(2), J(w)]) =

= T (2)J(2) + J(2) TP (z). (3.23)
“The annihilators are sorted to the right.”
s 2 1
T(z)T(w) = G —Qw)4 = w)QT(w) + o waT(w) + regular terms. (3.24)

One obtains by considering the two non-vanishing contractions

TAT@) = 127G = dw)aw) ) = 5 (€LY o1l 1 (3.25)
z)1(w _(o/)2' z)J(z) o J(w w.—a/2 2 G- w)? _Q(Z—w)‘“ .
and hence, the central charge c is equal to 1.
3.1 Vertex operators
The operator exp(ikx) shifts the momentum by k.

exp(ikz) — Vi(z,%) =: exp(ikX (2, %)) := exp(ikX 7 (2,%2)) exp(ikX ) (z,7)). (3.26)

We split X = X&) 4+ X() with X () containing the a,, fiir n < 0 and X*) containing the a,, fiir n > 0.

ok 1
T(2)Vi(w,w) = (Z‘l_inVk(w,E) + maka(w,ﬁ) + regular terms, (3.27)

where V}, is the primary field of conformal weight h = (a//4)k>.

’
[0

J(2)Vi(w, @) = —2—Vj,(w, W) + regular terms. (3.28)

13



CHAPTER 3. CONFORMAL TRANSFORMATIONS OF THE ENERGY-MOMENTUM
TENSOR

3.2 State-operator correspondence

Consider the limit z, Z — 0 (Euclidian infinite parts).

zl;g Vi(2,2)]0) = hm exp {1/€ (x + Z T4 z") } |0) = exp(ikz)|0) = |k) . (3.29)

n<0

hm J(2)]0) = hm Zanzf" 110) \/ =4/ —a 1|0}, (3.30)

which gives us the first excited state of the vacuum. Doing a similar computation one finds

o\" o
lll’% J(2)]0) l% (8z> J(2)|0) =4/ 5 nla_p_1]0). (3.31)

Given is a Fock state

k), (3.32)

|¢> = Gny - 0n,.0Gm, - - - Om,

with n; < 0, m; < 0. There is a field

V(|¢),2 %) = (_Ta_l)!J_”l_l(z)...mJ () T(E) . Vi(2,7) | (3.33)
with
V([¢);0,0)[0) = [¢) . (3.34)

3.3 Uniqueness of the state-operator correspondence

Assume that the fields are, in particular, translation-invariant, ¢ — ¢'(z) = ¢(z+a). Assume ¢; and ¢o create
the same state. That means ¢1(0)|0) = ¢2(0)|0). That means ¢1(2)|0) = ¢2(2)|0) and

(0l¢1 (w1)tha(w2)(d1(2) — ¢2(2))[0) =0, |wi] > [2]. (3.35)

Using analytic continuation we bring i to future infinity and ¥ to past infinity:

(P1|d1(2) = ¢2(2)|¢2) = 0 = ¢1(2) = h2(2) . (3.36)

3.4 Duality theorem

We want to proof that

R (2)p(w)) = V(¢(z — w)|d); w) . (3.37)
For that we need to check on |0) at w = 0.
P(2)1(0)[0) = 9(2)[¢) = V(¢(2)]¢),0)]0) - (3.38)

Application (with ag = \/a//2p):

—n—1 . — | _ o 1 —
J(2) Vi (w, w) (\/ Zan (z — k),w,w) = Ekm‘/ﬂk),wm}) + regular terms. (3.39)

neZ o

14



Chapter 4

Modular invariance

Consider the map

ZHw:%bg(z).

What does this map do? Take z = r exp(i). Then, it follows that

L L
= 71 1—
w= o og(r) + 127r19,

(4.1)

(4.2)

so the real part runs from zero to infinity and the imaginary part runs from zero to L. The image of the

complex plane under this map is

“time”

dw\? c
Tplane<z) = (dz) Tcyl(w) + E{w, Z} .
By using
L 7 L "o__ 2L

/
= 2 = S
27z’ 2wz’ 2723’

we can compute the Schwarz derivative:

"o — %(w

//)2 2 1 3.1

{’LU,Z} — 2 =z 2 24

(w')? (l)2

points identified

Hence, the energy-momentum tensor in the plane is given by

L \? c
Tplane(z) = (27rz> TCyl(w) + 24,2

(4.6)

We want to use the relation between the energy-momentum tensors to see how the Hamiltonians are related.

The Hamiltonian is the generator of “time” translations:

L

1
Hcyl =

0

1 dw orz\
a . d v —F T ane Y
o) e l( L ) plane (2) 2422

so that the final result is:

2 c
H :—(L I _7)
cyl 7 o+ Lo 12

o~ / Ao [Tog1(7 +i0) + T (7 — i0)] = 2; f dw Ty (w) +

2mz )"
L

2z
27’(’1 fd l: pldne( )



CHAPTER 4. MODULAR INVARIANCE

The Hamiltonian is shifted by an off-set —¢/12. Translations in imaginary direction:

pP= 2%([,0 ~To). (4.9)

We cut the cylinder at length M and put periodic boundary conditions on it, such that we get a torus. The
partition function then is:

2 M — c
7 = Trp exp(—Hey - M) = Try exp {—L (LO +To— 12)} . (4.10)
L
——
M
w1
=1iL wWo

Z(w1,ws) = Tryyexp (—Heyr - Re(we)) exp (—Pilm(ws)) =

ey exp {_ Lo (277Re(w2) N 27TiIm(w2)) 1 (QWRe(u}g) - 2wilm(wz)) + mRe(w2)} =

L L L L 6L
. c = c
= Try exp {271'17' (LO — ﬂ) } exp {27r17' (Lo — ﬂ>} , (4.11)
with
. —Re(ws) — iIm(ws) Wy wo wo
= === === 4.
ir 7 T =7 T o (4.12)

The ratio we /wy determines the shape of the torus. This description is important near phase transitions, where
the correlation length goes to infinity and the theory becomes scale invariant. Finite size effects: Send M — oo
and keep L fixed.

T arge M
Z =Try {qLO*C/24 — QL(’*C/%} M Jare exp <7;CL> ,  q=exp(2mwir). (4.13)
Hence, the lowest Ly-eigenvalue (which is taken to be zero) dominates. The free energy per length is given by
log(Z) e
— . 4.14
M 6L (4.14)

Changing L of the cylinder the free energy will change. How it changes, is determined by the central charge. An
application of this description in solid state physics is the two-dimensional Ising model. From the computation
of the free energy one can extract the value 1/2 for the central charge of this model. Primary fields:

. 2h ) 2h
(@(wr, T)p(wz, W2)) = <L sinh (T (wy — wg))> (L sinh (7 (w, — wz))) ' (4.15)

L

Hence, for large distances correlation function is supressed exponentially with a characteristic length scale L.
At short distances one obtains the same result as for correlation functions in the complex plane.

T
wi \

lattice

T
e

Iy

16



4.1. THE CARDY FORMULA

We have the freedom to choose w; and ws:

wi\ _ (a b\ [(w _
()= (5 D). e o

with a, b, ¢, d € Z (SL(2,Z)/Z3). The theory shall be invariant under the action of the modular group. The
modular group is generated by

1 0 1 1 1
S.TH—;, S(—l 0), T:t—T14+1, T(l 0). (4.17)
To check modular invariance, we just need to show
1
Z(ny=Z|—-—=|=2Z(t+1). (4.18)
T
T-invariance:
i~/ L exp {2ri(Lo — To) } g/ gEo e/ (419)
The spectrum of Ly — Lo in C Z > h — h.
4.1 The Cardy formula
We assume that the spectrum is discrete.
7 — TquLo—c/24qfo—c/24 _ Z dh th—c/24qﬁ—0/24 . (4.20)
h,h
By treating ¢ and q as independent we obtain:
1 - —\ —1—h+c/24——1—h+c
4 = o2 qu%dq Z(q,q)q e g e (4.21)

With ¢ = exp(27ir), dg = 27igdr and assuming S-invariance we get:

1 c
_ 1 7 —1—h+c/24:/ o ( _7)} VA . 4.22
dy, 27rij§dq (9)q dr exp{ miT (h ol (1) (4.22)
=Z(-1/71)
By using
-
2@) =T e (<2 (1.23)
T

we obtain in assuming Im(7) as small:

dp = /dT exp {—271'17’ (h — i) } exp (27—7n2c4> . (4.24)

For large h the integrand will we an strongly oscillating function. The main contribution then comes from
stationary points

d c 1ec¢ c 1c = c c
0=— (h——) e YR - SRV LA VF Y 4.25
ar [T 24 +T24] W TR T T T T2 R o T T o (4.25)

and is now given by:

. c 2mc |24h ch
theXp{—Qm (1,/M>h+24\/6} ~ | exp <47T 24) , (4.26)

which is called the Cardy formula.

log(d, 7) =27 | 4/ % + 1/ % +.... (4.27)
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CHAPTER 4. MODULAR INVARIANCE

The leading behaviour is just given by the central charge. Hence, the central charge has something to do
with the number of states of a certain level and as a result of this with the density of states. Consider a
BTZ (Banados, Bunster [formerly known as Teitelboim]|, Zanelli) black hole in (2+1) dimensions. (Teitelboim
discovered that he had a different father and changed his name. When he discovered the solution his same was
Teitelboim.) The line element square (with angular momentum J = 0) is given by

2
ds? = (2 - SGM) dt? — # dr? —r?d¢?, (4.28)
l & —8GM

with M being the black hole mass and [ has something to do with the cosmological constant. It is the radius
of curvature of the asymptotic AdSs. There is a dual CFT at the boundary of AdS. The central charge is
related with the cosmological constant. We will just give the result, since we cannot derive it here:

31 _
¢=55 LotTo=IM. (4.29)

For calculating the entropy take h = h. For BTZ black holes with spin the difference between h and h is
characterized by the spin.

/ 31 l- M 2M

The entropy is determined by the area of the horizon and is here just one-dimensional. The area is given by

A =27 - THorigon = 27V 8GMI? , (4.31)

and hence the entropy can be written in the form

A
S=15- (4.32)

Of course, that is a (2+1)-dimensional problem, but the physical world is a (341)-dimensional one. However,
higher-dimensional black holes can be related to BTZ black holes by some duality. With the help of conformal
field theory one can compute entropies for a large number of black holes. Furthermore, conformal field theory
finds further application in statistical physics and string theory.
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